
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



ON THE FUNDAMENTAL NUMBER OF THE ALGEBRAIC 
NUMBER-FIELD k{Vm) 



JACOB WESTLUND 

Introduction. 

The object of the present paper is the determination of an integral basis and 
the fundamental number of the algebraic number-field Jc[f/m) generated by the 
real ^th root of m, where m is a positive integer greater than unity which is 
not divisible by the ^th power of an integer, and where p is any odd prime. 
The case ^ = 3 has already been discussed by Dedekind.* The conjugate 
values of f/w being \/m, p\/m, • • •, p^-^^m, where p = e^^'^^, the number- 
fields k{pl/m), •■, ^(p"-' \/m) are all different from k{l/m,). 

In order to obtain all possible number-fields of this type we let m run through 
all positive integers which are not divisible by the pth power of a prime. But 
the fields generated in this way are not all distinct. For any positive integer 
7n which is not divisible by the ^th power of a prime may be expressed in one 
way only in the form 

where a^a^ ■ •« i is not divisible by the square of a prime. If we then set 



where i^ = si (mod p) and < i^ <^ for s = 1, 2, 3, • • •, p — 1, it is 
evident that a,, a^, •••, a j are algebraic integers in k(a^), and hence 
A;(a, ),A;(a2), • ■ •, k((x _^) are identical, while k((x^) is a primitive field. 

1. national basis. 
As a rational basis of ^(a,) we may take either 

or 

1? «i» «2> • • •' ""p-l- 

*Uber die Anzahl der Idealklassen in reinen kubischen ZahlkSrpern, Journal fur die reine 
und angewandte Mathematik, vol. 121 (1899). 
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Denote the discriminants of these bases by D^ and D^, respectively. We have 



A = 



p'^-^a\- 



= mP-'^ 
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1 a^ .. 

1 pa^ 

1 p^-'a, .. 
Hence * 

i>j = (_i)«*'-iy «*"-'. 

In a similar way we obtain 

A=(-ip-V(«i«2-" Vi)""- 

If A be the fundamental number of k(^a^), we must have ZJj = w^A where » is a 
rational integer. Hence 

A = (- 1 )j(^-> r (y^i«2 •-«.-! p-'H '^ (_ip-')^(?^ 

where J is a rational integer, and this shows that A contains the factor p . 

2. Ideal Prime Factors ofp and m . 

Let g- be a prime factor of m and Q an ideal prime factor of q. Then since 
af^ ^ q'r, where r is prime to q and <; i <^, it follows that a^ is divisible by 
Q. Suppose that Q' is the highest power of Q contained in q. Then a^ must 
be divisible by Q'' and si = (mod^). Hence s = p and (q) = Q^, i. e., 
every prime factor of m is equal to the pth power of a prime ideal of the first 
degree. 

Let us next consider the prime p. If ^ is a factor of m it comes under the 
case already considered. Suppose then that p is not contained in m. Since p 
is a factor of the fundamental number, it is divisible by the square of a prime 
ideal P . Now consider the integer fi= a^^ — i, where b = a^a 
have 



p-2 



We 



or, if we set d = b^~^ — a^z{ » 

p-P + php."-^ + 



■Jt-p¥-^p. + hd = 0. 



Since (? = (mod^) it follows that p? is divisible by p and phy P and hence 

d is divisible by P^ . Two cases arise according as d is divisible by p^ or not. 

1. d not divisible by p^ . In this case p must be divisible by P^ . Hence, if 

p^ S, d must be divisible by P* and therefore p divisible by P* . Reasoning 

* Pascal, Deierminanien, p. 139. 



390 J. westlund: the fundamental number [October 

in this way we find that p must be divisible by P^ . Hence (jo) = P'', i. e., 
ifp is prime to m and d = b^-^ — a^z\ not divisible by p^, then p is equal to 
the p-th power oj" a prime ideal of the first degree. 

II. d divisible by p^. Let^''(s = 2) be the highest power of p contained in 
d and P"^ the highest power of P contained in /t . The equation satisfied by jx 
may be written 

fi{fi^-^+p^) + bd = 0, 

where /8 is prime to P. If r were greater than unity, yn^"^ would be divisible 
by a higher power of P than P^, and since p cannot contain a higher power 
of P than P^ , it follows from the equation above that /i would be divisible by p . 
But if n were divisible by p , its conjugates would be divisible by p , but this 
is impossible, since the coefficient of jj, in the equation above contains only the 
first power of p . Hence r = 1 . It is then easily seen that p must be divisible 
by pp-^ and by no higher power of p . Hence ifp is prime to m, and b''''^—a''z{ 
is divisible by p^, we have {p) = P''~^Q, where P and Q are different prime 
ideals of the first degree. 

3. Integral basis. 

Any integer to in ^ ( a^ ) may be expressed in the form 



■^0 T -^l *l T 



J }— I p—1 



where cc^ , aj,, • • • , a5p_, are rational integers. Let g^ be a prime factor of a^ and 
let (5') = Q''. Then the highest power of Q contained in a^ is §"», where 
i^ = si ( mod p ) and < z^ < r . Hence x^ must be divisible by Q and hence 
by 2'. Denote by a^^, a^^ , •.•,a,^jthe numbers a^, a^, .••, a^_j arranged 
according to increasing powers oi Q. It then follows that x^^ must be divisible 
by Q and hence by g^ . In the same way we find that x^^, • • • » ^r ., are divisible 
by g. It is then easily seen that a> may finally be written in the form 

^ ^ a;„ + a;,ai + • • • + x^_^a^_^ 



pP 

where cc^, ajj, • • •, x are rational integers. 

If ^ is a factor of m we proceed as above and find that 

® = % + ^l^l + • • • + 2/;,-! Vl' 

where y^, y^, • • • , y^_i are rational integers. 

If p is prime to m, two cases arise, according as d = b'''^ — a^~j is divisible 
by p'^ or not. 

I. d not divisible by p^. Introducing the algebraic integer fi = a^ — b 
mentioned above and making use of the fact that a. ^= a^/c., where c^ is a rational 
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integer prime to p, we obtain 

2/0 + ^1/^+ ••• + 2/^-1 M""' 



CO) ^ 



In this case we have (^ ) = -P^ and, as is easily seen, /x is divisible by I* 
but not by J*^. Reasoning in exactly the same way as above we find that 
y^, Pi, ■ • •, 2/p_i are all divisible by^. Hence we finally get 

where iiJ,, , », , • • • , »__i are rational integers. But since all the prime factors of 
c are contained in m, it follows that m may be written in the form 

« = «„ + x,«j + . . . + a;p_, Vi' 

where tc^ , aij , • • • , 'x.p_^ are rational integers. We then have the following result : 
i^5*-i_ a^~\ is not divisible hy p^, the p numbers 1, a^, a^, ■ ■ •, a^_^form 

an integral basis of k[a^) and A = J)^ = (— l)''~^'^p''(a^a2 • ■ ■ a^_i)*'~^ 
II. d divisible by p^ . In this case we know that (^) = ^^~'^. We also 

know that fi'' is divisible by^, and hence fi is divisible h\ PQ and tiP~^ divisible 

byp^^-^ But 

pv-^ = («! — by-"^ = aP-' — {p — l)aP-^b 1- b"-^ 

= \_aP-' + a^-26 + . . . aj6p-2 + 1] 

- ^par^l, - { (^ - ^l^P - -1) - 1 I ar^b^ + ■ ■ ■ - b"-^ + l] 

and since 6^""' = 1 (mod^), it follows that 

a^-i -4- a^-^b -\ 1- a, b"-^ + 1 

7 = -t i i 

P 
is an algebraic integer. We shall now prove that the p numbers 

7, flj, a^, •••,.a,_, 

form an integral basis of ^(a^). It is evident that these numbers form a 
rational basis. Denoting the discriminant of this basis by D^ we get the fol- 
lowing value 

A=(-ir>''-='(«a«2---vir'- 

Now any algebraic integer to may be written in the form 

_ x„7 + Jg^a^ + ••• +a>-iVi 

A 

where aj^, cCj, • • •, x _j are rational integers. It is easily seen that x^ must be 
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divisible by D^. For, denoting by «, «', • • ■, of'^~'^^ the conjugate values of to, 
we have 

Hence x^ is divisible by D^. Let us then consider the algebraic integer 

•"i ''^i "T * ' ■ ~r 'Xp_iC>. \ 
.,= ^^ . 

If g" be a prime factor of m we infer in the same way as above that Xj , • • • , x^_^ 
are divisible by q, and hence that Wj may be written in the form 

yi «i + • • • + 2/„-i cip-i 

Replacing a^ by /^ + 6 we get 

pf-'^cca^ = z^ + z^tJ.-\ 1- Sp_j /tP-^ 

where z^, z^, • • • , z^_^ are rational integers and c is prime to ^ . By a simple 
argument it can then be shown that »(, , »j , • • • , g^_j and hence also y^.,y^, • • • » ^ _i 
must be divisible by p and that m may finally be written in the form 

0) = a3„7 + a;,aj + . . . + x^_^a^_^. 

Hence we have the following result : If b>'~^ — a";} is divisible by p- , the p 
numbers <y, a^, a^, • • •, a^_^form, an integral basis qfk(a^) and 

A = Z»3 = (- iy-^l'p''-\a,a, . . . a^_^f-\ 

PUEDUB UNIVBESITY. 



